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1 Counting nonisomorphic maps

In this document we will derive closed form generating functions and a set of recur-
rences for the number of nonisomorphic maps F : [n] — [n] and their components.
Here two maps are considered isomorphic if on removing the labels from the labeled
map we obtain the same directed graph or alternatively if there is a permutation acting
simultaneously on domain and range which turns one into the other.

Using the notation from Analytic Combinatorics by Flajolet and Sedgewick [F'S09]
we have for the corresponding combinatorial class F the unlabeled specification in
terms of trees and components

T = Z x MSET(T)
C=CYC(T)
F = MSET(C)

Compare with the labeled specification which is in [FO89] to see the generality
of the combinatorial class concept. We will thus proceed in three phases, beginning
with trees, followed by components which are cycles of rooted trees and at last, maps,
which are sets of these components. This material is from Theorem I.1 page 27 and
page 480 of [FS09] and starting on page 4 of [FO89]. There is a directed edge between
two nodes in the graph of the map when the first node is mapped to the second.

2 Rooted trees and sets

The unlabeled multiset operator is represented by the cycle index of the symmetric
group which is standard and is given by

¢
Z(Sm) = [w™] exp Zag%
1

The following recurrence can be derived from the exponential term:
1 m
Z(Sm) = — Z(Sm—k)-
(Sm) = — ; ak Z(Sm—)

We thus obtain for the class of trees using the PET substitution the functional equation
T(z) =2x 32,50 Z(Sm;T(2)) or



3 Cycles of trees

Here we join a set of trees by placing the roots on a directed cycle of some length,
possibly including singletons, the fixed points of the map. As this construction is less
common we derive it from the cycle index. We find for the cycle operator CYC—=,,
the cycle index

1 m
Z(Cm) = — 3 e(d)ag ",
d

Summing these cycle indices we obtain for the general cycle operator CYC applied to
trees

C) = 3 3 T

m2>1 dlm

) jidT(zd)f = S”(dd) log — ;(Zd),

d>1 i>1 d>1

4 Sets of components that are cycles of trees

Following the combinatorial class specification from the introduction we thus obtain
for the desired generating function of nonisomorphic maps

1 d 1
F(z) = exp ZZZWE[)IOgl_T(ZdZ)

0>1 7 d>1

1 1
= exp Zlogm = H m

m>1 m>1

This form of F(z) appears on page 85 of [FS09]. We now have all the data that we
need to compute the required recurrence relations.

5 Recurrence for the number of trees

The functional equation yields

¢
Tny1 = ["] exp Z %

0>1

Differentiating we find



£

0>1 0>1

1, ,.1,T(z _

:E[Z 1] i)ZTI(Z[) £—1
e>1

We have from the Cauchy product

%i) TN T :%an,k[zk]zT'(ZazH
k=0

>1 k=0 >1

—ZTHH w21 T

0©>1
Here we see that £ must divide k£ and find

72Tn+1 kz[z ZTR+1 kZ[zéxk/e

ok ok

== ZTn+1 k Z[zk/é

o)k
To conclude observe that

[zk/l]T'(z)z — [T () = %Tk/z

which yields

— Z Thi1-k Z —Tk/e

o)k
or

Thy1 = ZTn+1 kEsz

o)k

This will produce the sequence

1,1,2,4,9,20,48, 115, 286, 719,
1842, 4766, 12486, 32973, . . .
which is OEIS A000081.

6 Recurrence for the number of maps

Supposing that we only need the first few values we can truncate the product in the
generating function at m = n and substitute the leading |n/m] terms from T'(z), We
look to turn this observation into a recurrence. Starting with


https://oeis.org/A000081

n 1 T 1
F”Z[Z}HWZ[Z}HW

m>1 m=1

We introduce with ¢ > 1

q

. 1
Fnq=1[2"] H m

m=1

With the base case ;1 where ¢ =1 we have > ., Fp12” X (1 —T(z)) = 1 so we get

Fo1=1as well as F,, 1 = 22:1 Fn_p1Tp. We find for ¢ > 2
" i 1 1 " 1
o= n—k k _ Jo R P B
o= 2t =T — 2 e

Here we see that k must be a multiple of ¢:

[n/aq] 1
k
=2 Foraa T
k=0
[n/q] 1 [n/q]
= Frrgqo1|z"]—— = Frrgq1Fr1.
;) n—kq,q 1[2 ]1—T(Z) ;) n—kq,q—1Lk,1

We always have Fy , = 1. We obtain the sequence given by F,, = F, »,
1,3,7,19,47,130, 343,951, 2615, 7318, 20491, 57903, . . .

which is OEIS A001372. These recurrences will enable us to replicate and extend the
data on line at the OEIS. For example, showing only the most significant digits, the
sequence at n = 1024 to n = 1032 will produce

1.279991183 x 10*%°, 3.781507078 x 10*%°, 1.117179773 x 10*%!,
3.300512766 x 10*®*, 9.750793870 x 10*®*, 2.880704692 x 10*®2,
8.510551606 x 10*%?, 2.514298775 x 10*83, 7.428074700 x 10?83,

7 The number of components

We can now ask about the average number @, of components in a random noniso-
morphic map. This is done by introducing a secondary variable u to get the bivariate
GF with components marked

Q(z,u) = exp Z % log %(zm) Z ‘P(d)um/d
dlm

m>1

This is the combinatorial class MSET (U x C). We then have for the average number
of components,
"]

|o

Q(z,u))|

u=1

Qn:

—|Q

4
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Figure 1: Average number of components.

We find for the numerator which counts the number of components summed over all
maps

B =l ] y=70m 2 o8 T 1em 2 9@

m>1 d|'m

n . d 1
:kZ:OFn,k[z]Z Z(p(d) IOgl—T(zm)

m>1 \d|lm

Introducing v(m) = Zd|m %d)

m>1

mzmT'( ™)
k= m>1
‘We must have m a divisor of k:

mXm mz7nT/ Zm
- Z z‘: [/ 1- T((zm))
_ - Fn— k/m mZT/(Z)
=3 Fur Y Lt
k=1 mlk
=> Fux Yy —v(k/m) - G+ DT Fm-1-j1
k=1 mlk 7=0



Observe that the coefficients on Fj,_x only depend on k so they too can be mem-
oized. This gives the sequence

1,4,11,33, 88,254,697, 1984, 5585, 15938, 45424,

130381, 374450, 1079361, 3115291, 9010177, . ..
which is OEIS A217860. With the recurrences in place we can compute @, for large
n. For example the value at n = 1024 is 5.5524155141249376050 x 10*8° (only the
most significant digits shown, the recurrences are exact).

The authors write at the cited location in Analytic Combinatorics that the number
of components should be %log n. Computing the values up to n = 1000 we get an
approximate fit of @, =~ 0.94660 + 0.4891 log n as expected, shown in the graph above.

For this document a second version was tested with no fractions appearing in the
recurrences, which had comparable resource usage.

8 Addendum, counting by the number of com-

ponents
P. Luschny (OEIS) suggests to also count the number of mappings with k components.

This is MSET_;(C). We get from the corresponding cycle index the form Z(Sy; C(z))
so we first require the coefficients on C(z) which counts connected maps. We find

Ko = [10G) = 1Y O tog 1 — s

d>1
_ dxn/dy P(d) 1 _ nyd P(d) 1
—Z[z "5 log Iz _%[z : e T
o 1 T (2 1 1 T (2
’% " g"()z) - E;[Zd e(n/d)7 —Er()z)

d—1
1
:EZéﬁ(n/d ZJ+1 Tjt1Fa-1-5a

d|n Jj=
Here we have Ko = 0. This gives the sequence

1,2,4,9,20,51,125,329,862,2311,6217,16949, 46350, 127714, . ..
which is OEIS A002861. The cycle index recurrence yields

1 k
2(53 0(:) = 1 3OSy OF)

Extracting coefficients

Kng = [2"Z(S6:C(2)) = 2" ]fZO(z (Sk—p; C(2))

where K, ;;, =0 when k£ > n and K, 1 = K, as well as K, o = [[n = 0]]. Continuing

ZZ 27N Z(Sk-p; C(2))

?r\'—‘


https://oeis.org/A217860
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— ,Z Z q/p><p C(2")Kn—qk—p

q9=1plq, p<k

kz Z [2/?)C nq’kp_kz Z Ky /pKn—qk—p-

q9=1plq, p<k 9=1p|q, p<k

We can then verify that
Rn = Z Kn,k X k.
k=1

If R,, only is desired it should be calculated from the recurrence that was established
earlier. We obtain the following data for the initial ten rows:

1 0 0 0 0 0 0 0 0 O

2 1 0 0 0 0 0 0 0 O

4 2 1 0 0 0 0 0 0 O

9 7 2 1 0 0 0 0 0 O

20 17 7 2 1 0 0 0 0 O
51 48 21 7 2 1 0 0 0 O
125 127 60 21 7T 2 1 0 0 0
329 352 174 65 21 7 2 1 0 O
862 963 504 190 65 21 7 2 1 O
2311 2689 1456 570 196 65 21 7 2 1

Note that OEIS A127136| points out that when k > n/2 there must be at least one
singleton i.e. fixed point in the map, we cannot have all components of size at least
two because there are only n nodes and 2k > n. Subtracting a singleton which is in
its own component with no edges to the rest of the map we have the property that in
this case Kp k= Kn—1,k-1.
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